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We study a generalization of two-dimensional site percolation by assigning an energy cost € to
bonds between nearest-neighbor occupied sites. This leads to a competition between entropy-driven
cluster growth and energetic suppression (or enhancement) of connectivity. Varying e continuously
interpolates between dense ferromagnetic-like clusters, ordinary classical percolation, and a dilute
regime of minimally connected isolated clusters. Using Monte Carlo simulations and real-space
renormalization-group (RG) methods, we show that bond energy shifts the percolation threshold
smoothly. We define an energy-weighted correlation length that remains finite at the classical site
occupation threshold (p.(¢e = 0)) and shrinks with increasing e, capturing the energetic suppres-
sion of large-scale connectivity. The cluster size distribution exhibits an energy-dependent cutoff
that drives the transition from percolation-like clusters to isolated clusters. A real-space RG with
Kadanoff block recursions reveals a systematic evolution of the correlation-length exponent v from
v = 1/2 (dense clusters) to v = 4/3 (classical percolation), approaching v = 1 (minimally connected
isolated clusters), in agreement with Coulomb-gas predictions for loop models where bond energy
renormalizes loop fugacity. For large values of € (isotropic case), the suppression of nearest-neighbor
bonds results in the emergence of antiferromagnetic sub-lattice ordering at high densities. Addition-
ally, anisotropic bond energies lead to directionally selective cluster growth. Finally, we also discuss
a lattice gas RG approach and scenarios where bond energy is renormalized across different scales.

I. INTRODUCTION

Percolation theory provides a fundamental framework
for understanding geometric phase transitions in disor-
dered systems [1-3]. In its classical formulation, each
site or bond of a lattice is independently occupied with
probability p, and large-scale connectivity emerges when
p exceeds a critical threshold p. [1]. Near this threshold,
the system exhibits universal scaling behavior governed
by a diverging correlation length, fractal cluster geome-
try, and well-characterized critical exponents. These fea-
tures place percolation within a broad universality class
shared across problems ranging from transport in porous
media to epidemic spreading, polymer networks, and the
onset of rigidity in disordered solids [4-7]. Beyond the
traditional connectivity-based framework, several gener-
alized percolation models incorporate additional geomet-
ric, algebraic, and topological constraints. These in-
clude rigidity percolation [8-11], bootstrap percolation
[12-15], quantum percolation [16-18], among other gen-
eralizations [19], where global order does not depend only
on local occupancy. Standard or classical percolation
models treat all occupied nearest-neighbor connections
as equivalent. However, many physical systems exhibit
additional energetic constraints or interactions that bias
cluster formation. Examples include polymer networks
with bending or stretching energies, resistor networks
with weighted conductances [1, 4, 20-22], and random-
cluster models where cluster weights depend on geometric
or topological features [23, 24]. In such systems, connec-
tivity is governed not only by quenched disorder but also
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by energetic weights that modify the probability of re-
alizing particular cluster configurations. Understanding
how such energetic factors modify percolation transitions
and critical scaling remains an important question in sta-
tistical mechanics, network science, and the physics of
disordered materials.

Percolation can also be defined on correlated, scale-
invariant backgrounds, rather than solely on uncorrelated
lattices. A notable example of this is found in critical con-
figurations of the two-dimensional O(n) loop model [25],
where fractal loops partition the lattice into extensive re-
gions. By introducing probabilistic connections between
neighboring regions, a percolation transition can occur
within this critical geometric framework. Despite the
strong correlations created by the loop structure, this
transition has been demonstrated to fall within the uni-
versality class of Kasteleyn—Fortuin (FK) random-cluster
models, which are linked to the Potts universality class
[25]. This indicates that universal percolative behavior
persists even in systems where connectivity arises from
an interacting framework.

In this work, we introduce and analyze an energy-
weighted site-percolation (EWSP) model, which is de-
fined by the site occupation probability. In this model,
each bond between nearest-neighbor occupied sites in-
curs an energy cost denoted by €. A cluster consisting
of T such bonds then contributes a Boltzmann weight
of e7*T. This results in a grand canonical ensemble of
clusters, where the combinatorial multiplicity of a cluster
with a given number of occupied sites competes with an
energetic penalty that is proportional to its connectivity.
When ¢ = 0, the model simplifies to classical site per-
colation. As e approaches infinity, the model resembles
an isolated cluster phase, where clusters with the fewest
bonds between nearest-neighbor occupied sites dominate.
Therefore, the tuning parameter ¢ allows for a continu-
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ous interpolation between classical percolation universal-
ity and a regime with strongly suppressed or enhanced
clusters. The introduction of the energy cost e signif-
icantly alters both the cluster-size distribution and the
correlation length. Consequently, the correlation length
remains finite even at p = p.(¢ = 0). This behavior
parallels the suppression of FK clusters in the g¢-state
Potts model [26-28] and admits a natural interpretation
within the Coulomb-gas formulation, where tuning € cor-
responds to modifying the loop fugacity and thereby the
thermal scaling field [20-31]. Energy-weighted site per-
colation thus provides a tunable extension of classical
percolation in which energetic constraints reshape con-
nectivity, critical scaling, and emergent spatial order.

To quantitatively characterize this model, we employ
real-space RG methods based on Kadanoff block scal-
ing [32]. These allow the site occupation probability
p to renormalize under coarse-graining. Using different
spanning-rules, we construct explicit RG recursion rela-
tions and compute fixed points and correlation-length ex-
ponents. Our results demonstrate a smooth change of the
exponent v with increasing ¢, consistent with Coulomb-
gas predictions in which the thermal exponent interpo-
lates between classical percolation (v = 4/3) and the
dilute cluster limit (v = 1). Furthermore we formu-
late a lattice-gas representation defined by site fugacity
et = ﬁ and bond fugacity e/=—¢. This framework
produces exact recursion relations for block-renormalized
parameters, allowing us to determine the RG flow. In
our analysis using lattice gas RG, we explore two sce-
narios: one where the bond energy is tunable and does
not depend on the length scale, and another where the
bond energy cost is dependent on the length scale and
undergoes renormalization. Overall, the EWSP model
introduced here provides a tunable extension of classical
percolation with rich crossover behavior and nontrivial
modifications to critical scaling. Unlike traditional inter-
acting percolation models [33, 34], which generate corre-
lations through spin interactions or dynamic occupation
rules, the EWSP model incorporates an explicit energetic
cost for nearest-neighbor occupied bonds. Consequently,
connectivity is influenced by this energetic factor, cre-
ating a tunable competition between entropy and bond
energetics.

The paper is organized as follows: In Section II, we in-
troduce the model of EWSP on a square lattice, the par-
tition function, and we define the associated parameters
that will be used in subsequent sections. Section III dis-
cusses our Monte Carlo simulation of the lattice gas in the
grand canonical ensemble. It examines the cluster config-
urations for both isotropic and anisotropic bond energy
cases. In the isotropic case, we illustrate the emergence of
antiferromagnetic sub-lattice ordering in site occupancy,
while in the anisotropic case, we focus on strip-like order-
ing. In Section IV, we compute real-space RG recursion
relations and determine the critical site occupation prob-
ability, and the correlation length critical exponent (both
isotropic and anisotropic). In Section V, we use results
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FIG. 1. A 4 x 4 square lattice with 12 occupied (blue) and
4 unoccupied (red) sites. Bonds between nearest-neighbor
occupied sites are shown in black and have an energy cost
€z for bonds along horizontal x direction, and energy cost €y
for bonds along vertical y direction. The connected occupied
sites form a cluster. In this diagram, there is only one cluster
containing 12 occupied sites and 16 bonds connecting nearest-
neighbor occupied sites.

from the Coulomb gas to explain different limits of energy
cost, denoted as ¢, and the corresponding changes in the
critical exponent associated with these limits. In Section
VI, we derive the expression for the correlation length
related to energy-weighted percolation in the canonical
ensemble and discuss cluster size statistics. Finally, in
Section VII, we derive the RG recursion relation using
the lattice gas analogy expressed in terms of site fugacity
and bond fugacity.

II. THE MODEL

We propose an energy-weighted generalization of site
percolation on a two-dimensional square lattice of linear
dimension L, with N = L? total sites, as shown in Fig. 1.
Each lattice site ¢ is associated with a binary occupation
variable n; € {0,1}, where n; = 1 denotes an occupied
site and n; = 0 an unoccupied site. In the absence of en-
ergetic constraints, sites are independently occupied with
probability p, recovering ordinary site percolation. Undi-
rected bonds connect occupied nearest-neighbor sites. A
connected component of occupied sites defines a cluster
C. For a given cluster C, we denote by s(C) the num-
ber of occupied sites and by T(C) the total number of
nearest-neighbor bonds between occupied sites within the
cluster, counting each bond once. In standard percola-
tion, all configurations with the same number of occupied
sites or bonds are treated equivalently. Here, we intro-
duce an additional energetic constraint by assigning an
energy cost € to each bond connecting nearest-neighbor
occupied sites. The total energy of a cluster is therefore
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FIG. 2. The left plot (a) illustrates the variation in cluster configurations as a function of site-occupation probability p and
energy cost €, and the right plot (b) illustrates the variation in cluster configurations for different values of site occupation
probability p and energy cost €, for bonds along the direction of = axis and ¢, for bonds along the direction of y axis. The
computation is performed on a square grid with a total of N = 400 sites. The colors indicate the occupancy variable n;;, with
n;; = 1 indicating that a particular site is occupied (yellow), and n;; = 0 indicating that a particular site is not occupied (blue).

defined as
E(C)=eT(C). (1)

A lattice configuration C consists of a collection of dis-
joint clusters {C}}. The partition function of the EWSP
model can be computed as:

ZEWSP = ZpNOCC(l — p)N_NOCC H e_ET(Ck)_ (2)
¢ k

Using the partition function defined in Eq. (2), a proba-
bility measure can be assigned to each configuration as:

1

Wewse(€) = 70

pNocc(l _ p)NfNocc H efsT(Ck),

3)
where Nooe = >, n; is the total number of occupied
sites in a particular configuration. This defines a grand-
canonical ensemble in which both the number of occu-
pied sites and the internal connectivity of a configuration
fluctuate. The site occupation probability p controls the
density of occupied sites, while the parameter € penalizes
highly connected clusters for ¢ > 0. From a statistical-
mechanical perspective, the model may be viewed as a
lattice gas with site fugacity

et = —, (4)

and bond fugacity e~¢. The resulting ensemble reflects a
competition between entropic combinatorial factors fa-
voring large clusters and energetic suppression or en-
hancement of configurations with many internal bonds.
The lattice gas partition function in terms of this site and
bond fugacity can be written as:

c = Z 6“ > "i*EZ(i_n nin; . (5)

In this context, n; represents the occupation variable
at site ¢, taking values of either (0,1). For n; = 0 the
site is unoccupied, while n; = 1 indicates that the site
is occupied, (ij) denotes the nearest neighbor sites ¢ and
j. One can easily observe the connection between the
lattice gas and site percolation in the hard-core on-site
exclusion limit. The grand canonical partition function
for the lattice gas, as shown in Eq. (5), can be computed
in the hard-core on-site exclusion limit as:

Zae = (L+e)N, (6)

where N is the local number of sites on the lattice, and
HLG stands for hard-core lattice gas. Using this parti-
tion function, the density of occupied sites can be com-
puted as:

iaanHLG o et
N o C1l4em

=p. (7)
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FIG. 3. Phase diagram indicating percolating and non-

percolating phase separated by critical curve p.(g), in the
€ — p plane. The phase diagram is obtained using numerical
Monte Carlo simulation on a square lattice with dimensions
N = 40000, as detailed in Sec. III. The blue colored region
indicates the non-percolating phase, while the red colored re-
gion indicates the percolating phase.

Thus, in the case of a hard-core on-site exclusion limit,
the density of occupied sites is precisely equal to the site
occupation probability. However, in a finite ¢ domain,
the density of occupied sites is influenced by both the
site occupation probability p, through site fugacity, and
the bond energy e, which reflects the interactions be-
tween nearest neighbor occupied sites. This mapping of
the lattice gas model in the finite ¢ domain corresponds
directly to that of the Ising model in a finite magnetic
field [35, 36]. Our study essentially seeks to understand
the percolation phase transition in the Lee-Yang lattice
gas [36], which is extensively studied in the literature re-
garding the order-disorder phase transition [37, 38].
Increasing p promotes connectivity, while increasing
€ > 0 suppresses it. Several limiting cases are of partic-
ular interest. When ¢ = 0, all clusters carry weight pro-
portional to the number of occupied sites and the model
reduces exactly to standard or classical site percolation,
with critical behavior governed by the standard perco-
lation universality class. For € > 0, clusters with many
internal bonds are exponentially suppressed, leading to
a reduced cutoff in the cluster-size distribution as shown
in Fig. 9 and a diminished correlation length as shown
in Fig. 10. In the limit ¢ — oo, only minimally con-
nected clusters contribute significantly, and the system is
dominated by isolated cluster-like structures reminiscent
of dilute lattice walks. The introduction of the energy

cost € therefore provides a continuous tuning parame-
ter that interpolates between classical percolation and
an isolated-cluster regime with antiferromagnetic order-
ing in site occupancy, as shown in Fig. 2. In defining the
partition function in Eq. (2), we assume that the energy
cost per bond, denoted as ¢, is a tunable parameter that
remains constant across all length scales. This means we
allow the bond variable to remain unchanged during the
renormalization process in our real-space RG scheme pre-
sented in Sec. IV. However, in the lattice gas RG frame-
work presented in Sec. VII, we will relax this assumption.
We will consider € not as a constant tunable parame-
ter, but rather as a variable that depends on the length
scale, similar to site occupation probability, and that gets
renormalized. Unlike classical percolation, which is con-
trolled by a single parameter p, the present model ex-
hibits a two-parameter phase space (p,e). As we show
below, increasing ¢ shifts the effective percolation thresh-
old p.(g) and can render the correlation length finite even
at the classical percolation point p.(¢ = 0). In what fol-
lows, clusters are identified as connected components of
occupied sites, and all observables, including cluster-size
distributions and correlation lengths, are computed as
ensemble averages over the energy-weighted measure de-
fined above. This formulation provides the foundation
for the numerical simulations, correlation-length compu-
tation, and real-space RG calculations presented in the
subsequent sections. Through the lattice-gas simulation
discussed in Sec. I1I, we obtained a phase diagram that il-
lustrates the percolating and non-percolating phases with
varying bond energy costs ¢, as shown in Fig. 3. In this
phase diagram, it is evident that as € approaches —oo, the
critical site occupation probability p.(¢) decreases. This
allows for a transition from the non-percolating phase to
the percolating phase at very low occupation probabili-
ties, as the bond energy in this scenario enhances connec-
tivity. Conversely, as € approaches 400, the critical site
occupation probability p.(¢) increases, leading to a tran-
sition from the non-percolating phase to the percolat-
ing phase at very high occupation probabilities, since the
bond energy in this case suppresses connectivity. Overall,
this phase diagram effectively illustrates the competition
between entropy and energy costs in determining global
connectivity within a disordered network.

Interestingly, this model can be exactly mapped to
the high-temperature expansion of the O(n) spin model
[27], especially in the high and low-energy limit, where
€ — doo. In this regime, we can also apply the results
from the Coulomb gas, as demonstrated in Sec. V. In this
representation, the partition function can be written as
a sum over loop configurations G,

ZO(n) = ch(g)ldg\’ (8)
g

where C(G) is the number of connected components
(closed loops), |G| is the total number of occupied bonds,
and K is the bond fugacity [39]. This formulation em-
phasizes that the statistical weight depends explicitly on



the connectivity of the underlying graph, a feature shared
with percolation-type models. In the limit n — 0, con-
figurations containing closed loops are suppressed, and
only graphs with a single open trajectory contribute. A
closely related structure appears in generalized percola-
tion models, particularly in bond percolation [27], most
notably in the random-cluster (FK) formulation. The
partition function for this is given by:

Zro =) pl9l(1 —p)lP-191g79), 9)
g

where p represents the bond occupation probability, ||
is the total number of edges in the lattice, and ¢ is a
fugacity that controls the number of connected clusters.
In ordinary percolation, this corresponds to the limit ¢ —
1 [23].

The explicit expression for the partition function of
our model is derived in Sec. II. Its connection to the
FK cluster partition function is established in Sec. V.
By comparing Eq. (8) and Eq. (9), it becomes evident
that the loop fugacity n in the O(n) model plays a role
analogous to the cluster fugacity ¢ in the random-cluster
model. The limit of single open trajectories as n — 0
corresponds to a generalized percolation regime where
closed clusters are suppressed, allowing a single non-self-
intersecting path to dominate connectivity.

III. SIMULATION DETAILS

We simulate our model as an interacting lattice gas
with nearest-neighbor interaction strength . To obtain
the cluster configurations for various values of €, we con-
sider a two-dimensional square lattice of linear size L
with binary occupation variables n;; € {0,1} defined on
each lattice site (i, ). For convenience, we map this oc-
cupation variable onto an Ising-like spin variable S;; ac-
cording to

+1, ifn;,; =1
Sij =2n; — 1= ’ * ’ 10
I s {—1, if Nij =0. ( )

Undirected bonds connect nearest-neighbor occupied
sites, and connected components of occupied sites define
clusters. For each cluster C, we define its internal bond
number T'(C) as the total number of bonds between near-
est neighbor occupied sites within the cluster, counted
once per bond, as defined previously in Sec. II. The en-
ergy of a configuration is taken to be E = ¢) . T(C),
where T'(C) denotes the energy of cluster C. Configu-
rations with a mean occupation probability p # p are
generated using a grand-canonical Monte Carlo using a
Metropolis scheme [40], where the chemical potential is
defined as p = In[p/(1 — p)]. Because we employ grand-
canonical Glauber-like sweeps [41, 42] over occupation
variables, the mean occupation probability of the equili-
brated configuration will not equal the initial mean occu-
pation probability p, but depends on both p and bond en-
ergy cost €. This equality holds only when € = 0. The site

o(p, €)
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FIG. 4. The plot illustrates the variation in the mean density
of occupied sites, defined as p = NL"SC, where Noc. represents
the number of occupied sites. This value is averaged over
500 realizations of equilibrated samples while varying the site
occupation probability p in the initial configuration, consid-
ering different values of bond energy cost €. The system size
used in the study is N = 400. The error bar represents the
standard error of the mean density of occupied states. The
equilibration is carried out using grand canonical Glauber-like
Metropolis sweeps, as outlined in Sec. III.

occupation probability p of the initial non-equilibrated
configuration sets the site fugacity e”. Therefore, in all
subsequent discussions, we will refer to p instead of p. It
is important to note this distinction. The variation in
the density of occupied sites p(p,¢e), averaged over nu-
merous realizations of equilibrated samples with a site
occupation probability p, is presented in Fig. 4. Addi-
tionally, Fig. 5 illustrates the variation of the density
of occupied sites p(p.(g)) evaluated at the critical occu-
pation probability p.(¢) for different values of bond en-
ergy cost €. It is evident from computations conducted
on finite system sizes that there is a minimum density
of occupied sites, at a fixed bond energy cost &, where
a percolating phase can exist. This can be explored in
greater detail, particularly in the thermodynamic limit,
in future studies. In all the cases, the equilibration is
performed using Glauber-like Metropolis sweeps [40-42].
On the other hand, one can keep the density of occu-
pied sites constant as the initial configurations by using
Kawasaki swaps [42, 43] for equilibration. However, since
our objective is to examine the grand canonical partition
function, we will not use Kawasaki swaps to compute the
observables. Starting from a random initial configuration
with occupation probability p, we perform a sequence of
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FIG. 5. The plot illustrates the density of occupied sites, de-
noted as p(pc(g)), which is evaluated at the critical site occu-
pation probability p.(¢) for various values of the bond energy
cost e. The data for p.(e) is also presented in Fig. 3. Ad-
ditionally, the corresponding mean density of occupied sites,
p(pc(g),¢€), is computed for a system size of N = 400.

Monte Carlo sweeps [40-42]; during each sweep, L? trial
updates are attempted by selecting a site at random and
proposing to flip its occupation state. The proposed
move is accepted with probability min{l, exp[—-AH]},
where AH = AE — p AN, AF is the change in inter-
action energy induced by the flip, and AN = +1 is the
corresponding change in occupation number [44]. After
equilibration, clusters are identified by constructing the
reduced adjacency matrix of occupied sites and comput-
ing its connected components. The cluster configurations
are obtained from sampling equilibrated states. They are
illustrated in Fig. 2(a) for the isotropic bond energy case
and in Fig. 2(b) for the anisotropic bond energy case.
As the value of ¢ increases (with € > 0) in the isotropic
case, there is an energetic suppression of clusters, lead-
ing to sub-lattice ordered configurations. This ordering
phenomenon is discussed in detail in the Supplementary
Information [45]. The cluster size distribution n, is cal-
culated using this Monte Carlo sampling, as shown in
Fig. 12(a) for isotropic bond energy cost and in Fig. 12(b)
for anisotropic bond energy cost. From Fig. 12(b), it
is evident that compared to the isotropic case, where
€z = €y, the tails of the distribution are reduced and
primarily consist of configurations not suppressed by the
energetic cost of the bonds. Through this lattice gas
simulation, we generate the phase diagram for percola-
tion phases in the p — ¢ plane, as illustrated in Fig. 3.
One can also calculate the critical exponent for correla-

tion length, denoted as v(¢), along with the critical expo-
nent for susceptibility or average cluster size, denoted as
v(g). These quantities diverge at the critical occupation
probability p.(e). This is done using finite-size scaling
to collapse the wrapping probability P(p,L,e) and the
susceptibility x(p, L,¢) as follows:

P(p, L) ~ G(|p — pe(e)|L79), (11)

y(e)
X(p, L,e) ~ L5 H(lp — pe(e)|L79),  (12)

where G and H are universal scaling functions, as shown
in Fig. 7 and Fig. 8.

IV. REAL SPACE RENORMALIZATION
GROUP ANALYSIS

We consider the site-occupation model on the square
lattice used in the numerics: each site is occupied inde-
pendently with probability p, and a configuration with
total T" bonds between nearest-neighbor occupied sites is
weighted by

1

wie) = ZEWSP

pNocc(l _ p)N_Nocc €_5T7 (13)

where the Boltzmann weight for each cluster in the con-
figuration is multiplied, and Zgwsp represents the par-
tition function defined in Eq. (2). The set of configu-
rations is labeled by C. In this section, we will rescale
the original lattice to reduce the degrees of freedom in
the system, allowing us to study its large-scale behavior
using the real-space renormalization group approach, as
presented in [32, 46, 47]. So the partition function for
the rescaled block (Z%) can be written as:

Zp=> > -p" [ (1)
k C

ieC

where b stands for the linear dimension of block, and R
specifies the rule one is considering for renormalization
coarse-graining. We rescale the lattice by a factor of b,
the linear dimension of each block. We assign the occu-
pation probability of each block p, according to a rule.
The block occupation probability can be expanded using
the usual procedure of real-space renormalization as:

p= Zflbzzpk(l —p)N e (15)
R i o’

iec’

where C" is the set of configurations satisfying the specific
rule one is choosing for coarse-graining. For rules like the
“majority rule” and other rules termed Ry, R;, and Rs
as stated below, the numerator in the above expression
in Eq. (15) simplifies to:

1 ko
pzzTﬁ%ZMkpqu PemeTe g=1-p,  (16)
k
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FIG. 6. Panels (a,b): p. and v computed using the Ry rule for block sizes b € [2,5]. Panels (¢,d): p. and v computed using
the Rs rule for block sizes b € [2,5]. The insets display some values obtained from simulations and the spanning rule. All

quantities are shown as functions of the energy cost per bond e.

where ¢ is the probability that a site is not occupied, T}
is the total number of bonds across all clusters of k con-
nected sites in each block, and the coefficient M}, depends
on the rule one chooses. We consider different such rules
for analysis below. A rule can be such that p = 1, where
at least k = [X] sites in a block are occupied, which cor-
responds to “majority rule” in literature. The coefficient
Mj, for this type of rule corresponds to the binomial co-
efficient. Other sets of rules are considered in [48] termed
as Ry, Ry, and Rs. The rules state that a block is con-
sidered occupied if it contains a spanning cluster. For
rule Ry, the cluster can span the block either horizon-

tally or vertically. In the case of rule R;, the cluster
spans the block in a fixed direction (for example, hori-
zontally), while rule Ry requires the cluster to span the
block both horizontally and vertically [48]. These are the
conditional statements for all three different rules. For
example, below provides the polynomials for the renor-
malized site occupation probability § = R§(p) using rule
Ry (for e = 0) for block sizes b € [2,5] as: For b = 2:

Ri(p,q,e = 0) = p* + 4pq + 4p° ¢, (17)



for b = 3:
Ri(p,q,e = 0) = p° + 9p°q + 36p"¢* + 82p°¢° a8)
+ 93p5q4 + 44p4q5 + 6psq6
for b = 4:
Ri(p, g, e = 0) = p'® + 16p'°q + 120p**¢* 4 560p'3¢>
+ 1818p*2¢* 4 4296p' ¢° + 7196p10 6
+8136p%¢" + 5988p%¢® + 2784p"¢
+780p° + ¢'° +120p°¢" + 8p*q'?,
(19)
and for b = 5:
Ry (p,q,e = 0) = p*® + 25p**q + 300p**¢* + 2300p*? ¢

+12650p%' ¢* + 53128p*°¢° + 176992p
+ 478316p'8¢" + 1054923p*7¢®
+2666712p¢10 + 2963364p* gt

+ 2556058p*3¢*? 4 1699665p*2¢*>

+ 865132p* gt + 333630p0¢t°

+ 95845p°¢% + 19916p8¢'" + 2836p7¢'8

+ 248p° ¢ + 10p°¢%° + 1880864p'%¢?,
(20)

where ¢ = 1 — p, the probability that a site is not occu-
pied. The expressions are also obtained in [48]. For other
rules like R; and Rj, similar expansions can be obtained
by changing the conditional statement specified before.
A full analytic derivation of this expression for a partic-
ular b = 3 (Eq. (18)) using rule Ry has been shown in
Appendix A using the inclusion-exclusion theorem. For
€ # 0, the expansion using spanning rule Ry can be com-
puted as: For b = 2:

4p2 2 —5+4p qe—25 +p4 —4e

2
RO(p7q7 ) - Zg 5 (21)

with scaled block partition function as

Z5(p, q,€) = " +4p’+2p° P +4p*Pe+4pPq e F ple

for b = 3:

R3(p,q.€) = 7 (Gp T2 4 12ptgPe % + 32pigPe e

+4p5 =28 L 40pSqte 3 + 33p°gte
+16pPgte% + 4p843 3s+22p Pe e
+28p°qPe ™ + 24p°gPe % + 4pPgPe
F14pTg? 765+8p7 2 775+14p7 2 —8e
+p%qe ™8 + 4pBqe% 4 4pBge~10¢
_|_pge—125)7

(22)

with scaled block partition function given as:

Zg(p, 0,¢) =¢° + pPqe % + 4pBge + 4pBqe 1% 4 pe
Ipg® + 24p?q" +12p*¢Te "
+22p3¢0 + 40pP¢Be¢ + 22p3¢0e 2
+6ptq® + 28prg°e ¢ + 56pigie %
+ 32p*¢°e ™% + AptgPe

+p5q4 + 24p5q4672€ 4 48p5q46736

4370 e 1 16pPgte
4 dpSg? —35+24p6 Be1e 1 98p03e 5
+24p —6e +4p —76
+ 14pTq?e % + 8p7q?e ™" + 14pT e,

(23)

19 ¢ The expansions of the renormalized occupation proba-
9" bility for a block size of b = 4 are provided in the Sup-

plementary Information [45]. The renormalized spanning
probability calculated using the spanning rule R; is also
detailed in Supplementary Information [45]. We note
that by setting € = 0, the polynomial expressions for the
spanning probability simplify to the expression presented
in [48].

The expression for critical exponent v is given as:

In(b)
v(e) = W’

dp

(24)

with p.(e) are the fixed points of the RG flow for each
value of bond energy cost €. This expression is obtained
by linearizing about each fixed point of the RG flow equa-
tion (Eq. (16)) [49]. It is important to emphasize that
while this real-space RG treatment is accurate for hier-
archical lattices [50, 51], it is only approximately correct
for regular lattices like the one we are considering.

The variation of the critical site occupation probability
pe and the critical exponent v using renormalization rules
Ry and Ry are illustrated in Fig. 6(a,b) and Fig. 6(c,d)
respectively. As the block size b increases, the computed
curves for the critical exponent v using rules Ry and
Ry become closer to each other, as can be inferred from
Fig. 6(b,d). In the general case, where &, represents the
energy cost for the bonds in the x direction and ¢, for the
bonds in the y direction, the variation of these quantities
using rules Ry and Ry are shown in Fig. 18 and Fig. 17,
respectively. All the fixed points p.(g) are unstable fixed
points in the p direction, with the only two basins of at-
traction or stable fixed points being at p.(e4) = 1 and
pe(e—) = 0, respectively. In this context, e and e_ rep-
resent the values of ¢ when p. = 1 and p. = 0, with
e- <0andes >0.

In the Monte Carlo simulations, we obtain equilibrated
configurations for each value of the bond energy cost e.
This parameter governs the effective interaction between
neighboring sites and controls the connectivity properties
of the system. As a result, variations in € lead to system-
atic shifts in the critical site occupation probability p..

9 —12¢
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FIG. 7.

The plot illustrates the scaling collapse of the wrapping probability function P(p, L) for different system sizes L,

computed from Metropolis Monte Carlo simulations. The critical exponent v = v(eg) has been extracted for various cases of
bond energy cost ¢ as follows: (a) e = 0.1: p. ~ 0.65301, (b) € = 0.3: p. =~ 0.76348, (c) € = 0.7: p. ~ 0.85, (d) ¢ = 1.2:
pe &~ 0.9812, (e) e = —0.2: p. =~ 0.4683, (f) ¢ = —0.7: p. =~ 0.2141. These plots illustrate how varying bond energies affect the

critical occupation probabilities and exponents.

In this context, € is treated as an externally tunable pa-
rameter with no assigned scale dependence. Similarly,
in the initial RG schemes considered here, the bond en-
ergy is not renormalized. Instead, € is again treated as
a fixed, externally adjustable parameter, similar to its
role in the Monte Carlo simulations. The RG trans-
formations in this framework act solely on the config-
urational or connectivity degrees of freedom and do not
incorporate feedback on the interaction strength. Con-
sequently, the analysis captures how large-scale connec-
tivity emerges for a given value of e, but it does not
address how the interaction parameter itself evolves dur-
ing coarse-graining. In the lattice gas RG framework
discussed in Sec. VII, we consider both scenarios in a
unified manner. First, we analyze the case in which the
bond energy remains a non-renormalized, tunable param-
eter, thus maintaining a direct correspondence with the
Monte Carlo simulations and the earlier RG treatment.
Second, we extend the analysis to include the explicit
renormalization of the bond energy, treating ¢ as a scale-

dependent quantity that changes under the RG trans-
formation. This latter approach provides a more com-
plete and self-consistent description, as it accounts for
the coupled evolution of both site occupation probability
and interaction strength. The implications of these two
treatments are examined and compared in detail in that
section.

V. SCALING EXPONENTS

The scaling exponents of our model can be derived by
relating it to a known loop model, as discussed in Sec. II.
We can expand the partition function in Eq. (14) in the
vicinity of the limit as € — oo, focusing on the number of
loops. In this limit, no loops are present as € approaches
infinity. We define a small expansion parameter as fol-
lows:

K=e¢, Kkl

(e — 00). (25)
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FIG. 8. The plot illustrates the scaling collapse of the susceptibility function x(p, L) for different system sizes L, computed
from Metropolis Monte Carlo simulations. The critical exponents v = v(¢) and v = (&) has been extracted for various cases
of bond energy cost ¢ as follows: (a) e =0, (b) e =0.5, (¢) e =12, (d) e = -0.2, (e) e = -0.7, (f) e = —1.2.

The partition function in Eq. (14) can be re-written as:

Z = ZN(S,K) 2°K*, (26)
s, 0

where N (s, £) is the number of configurations with s oc-
cupied sites and [ loops. Each loop contribute an extra
factor of e~¢ to the partition function in Eq. (26), and
z =pe €. For K — 0, only ¢ = 0 contributes:

Zo =Y N(s,0)2". (27)

Expanding the partition function in terms of the number
of loops ¢, one can obtain, Expand:
Z=7Zy+KZ +K*Zy, + O(K?), (28)

where:

Zy =Y N(s,1)2, (29)

and

Zy =Y N(s,2) 2, (30)

which are the one-loop and two-loop partition functions,
respectively. The antiferromagnetic limit (as ¢ — 00)
and the ferromagnetic limit (as € — —o0) are particularly
interesting. In the FK representation of the g-state Potts
model, the partition function, as described in Eq. (14),
can be analyzed in the limits of ¢ — 0 and ¢ — +o0.
In these cases, it can be mapped to a loop model, whose
critical behavior is characterized by a Coulomb gas (CG)
or a conformal field theory with a dimensionless coupling
constant in two dimensions (2D). This is because in the
limit £ — 400, the factor [[;c e =% in Eq. (14) becomes
e~ where C is the number of clusters in a particular
configuration, since

lim e €2 Ti = ¢=¢C,
E— 00

(31)

The Coulomb gas is a massless free scalar field ¢(z, 2)
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with action [29]

g 2 2
S=-=[dr(Ve) 32
2 [y (32)
where ¢ is the dimensionless coupling parameter, which
acts like a stiffness constant controlling the strength
of the logarithmic interaction between charges, in the
Coulomb gas interpretation. The vertex operators are
defined as [30, 31, 52]:

Va(z, 2) = et2¢(*2), (33)
The conformal weight h(a) of a vertex operator V,, in the
presence of the background charge [53, 54] is

aa = 2ag)
h =~ "7 4
(cv) TR (34)
and the full scaling dimension [53-55] is:
-2
w(a) = 2h(a) = 040“2ga”). (35)

The loop representation of the FK clusters assigns a
weight n to each closed loop. The Coulomb gas anal-
ysis gives the exact mapping [29]:

n = —2cos(2mg), (36)

where g € [0,1]. The total scaling dimension can be
computed in terms of primary field indices (r, s) as [54]:

(r—s9?—(1-9)*

5 (37)

Tps =

)

In two dimensions, the RG eigenvalue y is related to the

scaling dimension x by
y=2—um. (38)

The thermal operator corresponds to (r,s) = (2,1) in the
Kac table [56-58]. Substituting into Eq. (37),

2,1 = % - (39)
The RG eigenvalue [59] is
S S & (40)
Yt = 21 = 29.

The critical exponent v is just the reciprocal of this RG
eigenvalue, i.e., v = i This form reproduces the expo-
nents of the Potts and percolation universality classes.

For percolation (¢ = 0), we have n = 1, which im-
plies g = %, giving y; = % and therefore v = %. In

dilute isolated cluster limit (¢ — o0), we have n = 0,
yielding g = %7 which gives y; = 1 and, consequently,
v = 1. In the dense cluster limit, as € approaches —oo,
loops become abundant with a loop fugacity of n = 2.
This results in the relation g = %7 which indicates a
relevant eigenvalue of y; = 2. As a consequence, the
thermal exponent is computed as v = %, which is consis-
tent with the Ornstein-Zernike mean field result as well.
Eq. (40) therefore interpolates naturally between dense
ferromagnetic like cluster configuration (v = 3), ordinary
percolation (v = 4/3) and isolated cluster configuration
(v = 1) as shown in Figs. 6(a), 6(d), and 6(f) corre-

sponding to the isotropic case, where the parameter ¢ is



constant and identical in both the horizontal and verti-
cal directions and Figs. 17(b) and 18(b) corresponding to
the anisotropic case, where ¢ is constant but takes differ-
ent values in the horizontal and vertical directions and
can also explain the finite behaviour of correlation length
shown in Fig. 10, obtained using the expression for cor-
relation length written in Canonical ensemble, Eq. (61)
and using lattice gas Monte Carlo simulations as shown
in Fig. 13. A thorough description of the continuous tran-
sition between the two extremes as ¢ varies is of interest;
however we do not address this in this article.

VI. CORRELATION LENGTH AND CLUSTER

SIZE STATISTICS
A. Energy Weighted Correlation Length

In ordinary site percolation on a square lattice, the
critical point p. ~ 0.5927 [60] separates a phase with
only finite clusters (p < p.) from one in which an infinite
connected cluster exists (p > p.). The value of p. in
the case of bond percolation is analytically derived as
pe = 0.5 [61, 62]. The divergence of the correlation length
near the critical point characterizes the critical behavior,

in 2D.

v v=t

£(p) ~ Ip — pe 2

In a walk-based approach, we define the disorder-
averaged generating function as:

Tmax

F(R,Oé,p) = Z aiTNT(Rvp)v
T=0

(41)

where Np(R,p) counts the number of walks of length T
that end at Euclidean distance R from the origin, aver-
aged over disorder realizations, and a@ = €. The same
partition function for the case p = 1 can be written as:

F(R,a)=> Nrp(R)a™ ", (42)
T

The parameter « suppresses long walks: for a > a. (the
critical threshold for energy cost) the series converges,
whereas as a — « the suppression weakens and long
walks proliferate. Thus, a plays the role of a second con-
trol parameter in addition to the percolation probability
p. The partition function presented here is written in a
grand canonical formalism, which allows for fluctuations
in site occupancy across different realizations. This in-
troduces the fugacity parameter in the average N7 (R, p).
In contrast, the partition function defined in Eq. (42) fol-
lows a canonical formalism, where no such fluctuations
occur across realizations. From the pair connectedness
distribution, G(R), obtained from the partition function,
one can define the second-moment correlation length [63]
as:

L peo
2 _ — E n
52 - 2d Mo’ Hn R G(R>7

R

(43)

E(pc, €)

12
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€
FIG. 10. Scaling of correlation length £(¢) computed using

Eq. (61) for site percolation on a square lattice, with open
boundary condition (OBC) at critical percolation threshold
(for € = 0) with varying energy cost €. We fit the numerical
values with ¢ as (e, pc(e = 0)) = Ae™". The legend in the
figure indicates the values of the exponent 7 for different sys-
tem sizes L.

which coincides with the standard second-moment defi-
nition of correlation length used in statistical mechanics.
In standard site percolation on a lattice, each site is
independently occupied with probability p, and the ge-
ometry of clusters is therefore purely random. Let & in-
dex the connected clusters of occupied sites in a given
configuration. Each cluster k contains s occupied sites
and T}, bonds between nearest neighbor occupied sites .
We now generalize the percolation problem by assigning
an energy cost € to each bond between occupied sites. A
cluster with T}, bonds then carries a total energy:
Ek =& Tk. (44)
Clusters with many bonds (large T}) are thus energet-
ically penalized. In statistical mechanical language, for
each cluster labelled as k, there is a total of s; number of
microstate degeneracies contributing to the same energy
FEy = €T}, so the probability for a randomly chosen site
in a system to belong to cluster k is:
pf — ﬂ7
> g swe Bk

where si is the count of microstates or degeneracy asso-
ciated with energy state k, and e~ F* is the Boltzmann
weight associated with the canonical ensemble of clusters
or energy states. Here Fy, is the total energy of the energy

(45)
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FIG. 11. The plot shows the ratio of the mean-squared radii
in the z and y directions for the energy-weighted cluster en-
semble. This ratio is shown relative to the anisotropic energy
costs, with €, denoting the cost in the x direction and €, = 0.5
in the y direction. The inset illustrates the mean square radius
in the x and y directions. The site-occupation probability is
fixed at p = 0.6, and the system size is N = 1600. The mean
square radius in both directions is computed using Eq. (46)
and the equilibration is reached by performing a Glauber-like
Metropolis sweep. At e, = 0.5, the two inset curves of mean-
squared radii in the z and y directions cross each other. This
indicates that at e, = €, = € = 0.5, the anisotropic ratio is
equal to 1, as can be observed in the main plot.

state k or Ecluster, i for cluster k. Here (3, the inverse tem-
perature parameter is set as 1. This construction intro-
duces an additional control parameter € that suppresses
large connected clusters. In the absence of an energy
penalty (¢ = 0), the system reduces to standard perco-
lation, whereas for finite ¢ > 0 the formation of large
clusters is exponentially suppressed; in the strongly pe-
nalized regime € > ¢., the system is therefore dominated
by small, isolated clusters. Above a critical value ., the
correlation length becomes finite even if p ~ p.. Here p,
denotes the critical percolation threshold for ¢ = 0. In
classical percolation, the correlation length is obtained
from cluster statistics as:

¢ = >k Sk (%)
>k Sk ’

where, (r?);, the mean-square distance of sites within
cluster k from its center of mass is defined as:

2 1 = 2
(e == Iri = rempl,

S
k i=1

(46)

1 &
Tem k = ; Zria (47)
=1
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and the weighting is done in terms of cluster size or num-
ber of sites in the cluster. This results from the proba-
bility that the chosen site belongs to cluster k is

Sk
Zj Sj

and the correlation length is just the mean of the mean-
square distance of sites within a cluster.

The correlation length result presented in Eq. (46) can
be readily reduced to the standard definition found in
the literature [64], which involves the number of clusters
of size s per site, denoted as ns(p) or the cluster size
strength. We can reorganize the summation over clusters
into a summation over cluster sizes as:

Ns
PRI B) SIED PR
k k=1

S = S

P(site € k) = (48)

(49)

where, N, is the total of clusters of size s. Using Ny =
Nng, where N is the total number of clusters of all sizes,
this can be written as:

Zsk:Nans.
k s

Hence, the radius of gyration squared summed over each
cluster can be written as:

Z sp(r?y = Z Z s(r?) .
k k=1

S

(50)

(51)

We next define the average radius of gyration squared for
clusters of size s:

1 &
(R%)s =~ ) _(r (52)
5 k=1
Then,
N,
5(r?), = sN,(R?),. (53)
k=1

Thus, the radius of gyration squared summed over each
cluster can be written as:

Zsk<r2)k = ZSNS<R2>S = NanS(R2>S. (54)
k s s

Substituting the expressions in Eq. (50) and Eq. (54)
into Eq. (46), we can obtain the standard expression for
correlation length as:

52 _ NZS SnS<R2>S — Zq STs <R2>S
N, sng DS ’
where the sum runs over finite clusters only.

The correlation length can also be expressed in terms
of the pair-connectedness function. The connectedness

(55)
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FIG. 12. Cluster-size distributions obtained from Glauber-
like Metropolis sweep as described in Sec. III for a square
lattice of size N = 1600. The top figure (a) shows the dis-
tributions for isotropic bond energy costs ¢ for different site
occupation probabilities p = 0.4 and p = 0.6. The bottom fig-
ure (b) shows the corresponding distributions for anisotropic
bond energy costs, with €, and ¢, associated with bonds along
the x and y directions, respectively. The bond energy cost
along the y-direction is taken as €, = 0.1. The bond energy
values along the x direction are indicated in the legends.

function G(r) is defined as the probability that two sites
separated by vector r lie in the same cluster.

The second-moment correlation length is often defined
by as Eq. (43):

2 _Zr'rPG(r)
S SRR (56)

where d is the spatial dimension. We now relate this to
cluster sums for a single configuration. Summing over all
sites pairs in a given configuration, one can have:

D Li=2.> D 1= s (57)
i k ick jek %

and

Sl —riP Ll =) 3" -l (58)
k

] ick jek
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and performing the summation in Eq. (58) over i € k and
j €k, [64]:

S =il =286 v — remgl® = 258 sk (P

ick jek ick
(59)

Therefore, inserting these into Eq. (56), yields a cluster
representation with s? weights:

(e =0) = M (60)

>k Si
When the energy cost per link is introduced, each clus-
ter is weighted by its Boltzmann factor e~¢7* following
Eq. (45), yielding the generalized, energy-weighted cor-
relation length per realization of occupation probability

(p):
Zsk efsT;C <T2>k

k
E Sk e*ETk
k

This definition reduces to the usual percolation re-
sult (46) when € = 0. The above result Eq. (61) is the
energy-weighted correlation length for a particular real-
ization, which can be treated in the canonical formalism.
For an infinite system size, near the critical occupation
probability p.(¢), the correlation length () diverges as
[64]:

%) =

(61)

&(e) ~ [p — pe(e)| 7). (62)
For finite system size L,
f(p’ 5) ~ L~ |p - pc(8)|_y(8)’ (63)
which implies
1
[P = pe(e)| L7 ~ 1. (64)

The plot of the ratio é:%;, computed using Eq. (61),
as shown in Fig. 11, indicates that as the anisotropy
in bond energy increases, the clusters effectively become
one-dimensional. Summing Eq. (61) over the fluctuations
of site occupation across each realization will yield the
complete energy-weighted correlation length in a grand
canonical ensemble, similar in fashion to that which can
be obtainable from the partition function expressed in
Eq. (41).

B. Energy Weighted Cluster Size Statistics

For € = 0, large clusters contribute significantly, lead-
ing to a diverging correlation length as p — p.(e = 0).
As € increases, the contribution of large clusters is expo-
nentially suppressed, and the effective correlation length
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FIG. 13. Correlation length for site percolation on a square
lattice with open boundary conditions at the critical percola-
tion threshold p.(e = 0), computed using Eq. (46). The main
plot shows the variation of £(p.(¢ = 0)) with the energy cost
¢ for different system sizes L. The inset plot shows the vari-
ation of {(p.(ex = 0,4 = 0)) with anisotropic energy cost &,
for fixed ¢4, = 0.5 and different L. The data are obtained from
Monte Carlo simulations in the grand canonical ensemble as
described in Sec. III. The system size used is N = 1600.

&(g) decreases sharply. For & > £.(p), the system is dom-
inated by small clusters and £(&) becomes finite even at
p = pc(e = 0), as shown in Fig. 13. Near the percolation
threshold p., the cluster size distribution follows [64]:

ns(p) ~ s Te /W) (65)

where the size s*(p) scales as

8*(]9) ~ |p *pc|71/07 (66)

where the critical exponent is calculated as o = %, with
D as the fractal dimension of the lattice, and v as defined
previously, the critical exponent for correlation length.
Now, suppose each bond between nearest-neighbor occu-
pied sites carries an additional energy cost €. Then a
cluster of size s acquires a Boltzmann weight e~¢. The
modified cluster size distribution takes the form

ns(p, ) ~ S_Te_s/s*(”’s), (67)

where the effect of bond energy cost impacts only the
cut-off cluster size; thus, the overall cluster size distribu-
tion retains the same form. From Fig. 9 one can verify
that the energy-dependent cut-off cluster size s*(p,e) de-
creases with increasing bond energy cost €. In the full
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grand canonical ensemble, as shown in Fig. 12, the cluster

size cut-off diverges near the critical occupation threshold
pe(e) as:

s™(p,e) ~ [p —pe(e)| 7@, (68)

where o(e) is the cut-off cluster size critical exponent as
mentioned before. In this article, we have not included
the observed values for o(¢) at varying bond energy costs
€. This is because we have already presented the relation-
ship between the thermal exponent v(e) and the bond
energy cost . Additionally, the cluster cut-off size criti-
cal exponent is not an independent critical exponent; it
inversely depends on the thermal critical exponent by a
constant proportionality factor, which is a function of the
fractal dimension D, as specified earlier.

VII. RENORMALIZATION GROUP ANALYSIS
FOR THE LATTICE GAS

A B
e °| bo b1
apo a1 e 9 9
b2
aze aszo O
b3
b=2 b=2
(a)
A B
ao al az bo bl b2
[ ] @] @] @] @) [ ]
as aq as  |.—¢| b3 b4 bs
O [ © L 4 . O
ae a7 as be b7 bS
[ ] O O ) O [ ]
b=3 b=3
(b)
FIG. 14.

Schematic diagram showing two neighboring
Kadanoff blocks, labeled A and B. Filled circles denote oc-
cupied sites (weight e*), open circles denote empty sites, and
bonds carry weight e/ = e™¢. The red bond illustrates an
inter-block connection contributing to coarse-grained bond
energy. (a) Block size b = 2. (b) Block size b = 3.

We have a site percolation on a square lattice where
each bond between two nearest-neighbor occupied sites

has an energy cost €. A cluster of T bonds contributes
weight

Wr =e 1. (69)



Now we introduce fugacity e* = p/(1 — p) for sites
and e’ = e~¢ for bonds. Consider two nearest neighbor
Kadanoff blocks A and B (after rescaling the original
lattice into blocks of linear dimensions b) [32, 46, 47], the
weight of a block A is given as:

Wy = etbatdba  p Z“i’ ba = Z aa;. (70)
i€A (ij)eA

The sites of the A block (with b = 2) are numbered
as 0,1,2,3 as shown in Fig. 14, and the internal bonds
are given by (0, 1), (0,2), (1,3), (2,3) for a fully occupied
block. Fixing the right-column boundary sites (a1, as)
and sum over the rest sites (ag, az) gives the weights cor-
responding to boundary sites:

Qlar,a3) = >

ag,a2€{0,1}

ka=ai+ a3+ ag+ as,

e#kA+JbA’
(71)
ba = ajaz + apay + apaz + azas,

Here aq, a1, as and a3 label the occupancy variables for
sites 0, 1, 2 and 3 for A block respectively as shown in
Fig. 14. Explicitly evaluating the weights gives:

Q(0,0) = 2e* + e’

Q(1,0) = Q(0,1) = e + e (1 +e”) + e, (72)

Q(l, 1) _ 62“6‘] + 2631L62J + 64;L€4J.
We denote Q(0,0) = Qoo, Q(1,0) = Q(0,1) = @y, and
Q(1,1) = Q11 for the sake of convenience. The combined
weights of two nearest neighbor blocks A and B, denoted
as Wy, Ny, where N4 and Np denotes the occupancy

variables of blocks A and B respectively. The weights
can be computed as:

Woo =1, (73)

Wio = Qoo + 2Q1 + Q11 = 4e* + 2e2* + 4e%e’

+ 4e3He? 4 et (74)

Q(a1,a3)Q(bo, by)e’ (arboFastz) — (75)

W= Y

a1,as,bo,b2

Grouping the terms in the above expression by boundary
configurations, the expression simplifies to:

W11 = Qoo(Qoo + 2Q1 + Q11)
+2Q1(Qoo + Q1(1+€e”) + Quie”). (76)
+ Q11(Qoo + 2Q1e” + Q11€*7)

Substituting the @ values and collecting terms for each
power of e and e’ yields a finite polynomial expansion
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as:

Wi = 14e* + 2e%e? + 123 + 28¢3#e” + 8ePHe?!

+ 2e + 10e* e’ + 37t e?! 4 183 + ettt

+ 4ePHe?! 4 2465137 4 205 et + 8ePHed

+ 2e%e 4 16e57 57 + 88 4 2e61TT

4 4eTreTT 4 4eTre8T 4 gBrel0d

(77)

After rescaling, the weight for the two nearest neighbor
blocks A and B can be written as:

WNA N — eﬂ(NA+NB)+jNANBa (78)

where i and J are the renormalized site fugacity and
bond energy respectively. The RG flow equation for the
renormalized site occupation probability and the renor-
malized energy cost can be derived by comparing the
derived weights with those given in Eq. (78):

; Wlo(pa y)

P Wiolp, ) (79)
1 _ n Wll(p7 y)

7=l <W30<p,y>>’ (50)

where W1, W1; are explicit polynomials in e# = p/(1—p)
and y = e’ as derived above. In a real-space RG, we
coarse-grain the lattice by a factor b (here b = 2 for 2 x 2
blocks). At the critical fixed point (u*, J*), the system
is scale-invariant [32]. Small deviations from the fixed
point obey the linearized RG map as:

5u’> <5u> o', J')
] = J 3 J = F-—+ s 81
(5‘] oJ o, J) (u*,J*) (81)

where o = p—p*, 0J = J—J*. Let A\ be the eigenvalue
corresponding to the relevant direction (growing under
RG), so that

5 =\ 6. (82)

The correlation length £ transforms under RG as:

Near criticality, £ ~ 7%, Using ¢’ = A, §, we have

§(0") =
Comparing with £(8") = £(0)/b = 67" /b gives:

()" = (M)~ = ATV 5V (84)

1 _Inb
A =3 = V_ln/\r' (85)

Let X = Wig, Y = Wyq. Then

wW=mX, J=hY-2InX.
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FIG. 15.

RG flows around the fixed points, where both the
site occupation probability p and the energy cost ¢ are renor-
malized for block sizes b = 3,4, respectively. The y-axis rep-
resents the energy cost —e. The linearized flow around each
fixed point is depicted by blue and green lines. The green
lines indicate the relevant direction, while the blue lines rep-
resent the irrelevant direction. The overall flow is illustrated
with black arrows.

The Jacobian entries at any point (y, J) can be computed
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as:
o' _ Xy
ou X’
oJ X' (36)
aJ Yo oXu
ou Y X’
o1 _ Yy X,
oJ Y X’
where
~ 0X
X = er I
nTC Gen
XJ :ej%u
< (87)
~ oY
Y, =¢e'—
" Oet’
- oY
YJ :eJ@.

The RG eigenvalue {\;} can be evaluated from Eq. (86)
at fixed point (u*, J*). The relevant eigenvalue Ao gives
the correlation-length exponent similar to that done in
Sec. IV, with

Inb
_ _ 88
YT o (88)

In our original model, € represents a constant energy cost
at all length scales, which we will later relax to consider
the renormalization of the energy cost as well. There-
fore, we focus on the flow equation for the site-occupation
probability, as derived in Eq. (79). For b = 2, the way
we derived Eq. (74) indicates that a block is considered
occupied if at least one site within it is occupied. When
we solve the flow equation for the fixed point, we find
only the trivial fixed point p. = 1 and do not obtain any
non-trivial fixed points for values of . For that reason,
while deriving Eq. (74), we now only consider configura-
tions that span the block along at least one direction. To
compute the modified weight for a block size of b = 2,
we can use Eq. (75) along with the modified boundary
weights computed as follows:

A o2
Qoo = ee”,
Qlo = C~201 = e?te’ + eBe? (89)

Q11 = e’ + 2e31e? 4 et
Taking this into account, the modified weights become:
Wfo = 4e*te’! + 4e3He? + et (90)

where W2 indicates the modified weights for block size
b = 2. For block size b = 3, the modified boundary



weights can be computed similarly as:
Q(0,0,0) = 222 + 8y 2* + 252 + 4y°2° + 4725,

Q(1,0,0) = 4223 + 3y22* + 42 + 6y32° 4 5y*2° +¢°2°
4 3y526 + 3y626 + y827,

Q(O, 1’ 0) _ y223 4 y224 4 7y3z4 4 4y325 + 6y4z5 4 y426
+20°25 + P20 + 4820 44827,

Q(O, 0,1) = 5223 + 3922 + 4922 + 69325 + 5yt2d +¢52°
+ 3y5z6 + 3y626 + y8z7,

Q(O, 1,1) = 3522 + 49325 + 59?25 + 49120 4 3y°2°
+ 4y526 + 5y6z6 + y6z7 + y7z6 + 2y7z7
434827 4 1028,

Q(1,1,0) = 3y32% + 49°2° + 5yt2® + 49?20 + 3y°2°
+4y526 4 5y626 4 y627 =+ y726 4 2y7z7

+ 3y827 + leZS,

Q(1,0,1) = 222 + 3225 + 89325 + 3¢%25 + ¢*2° + Tyt

+ 5y5z6 + 4y6z7 + 2y7z7 + ygzs,

Q(1,1,1) = y22% + 3y22" + y22° + 3y 2" + 8y°2° + 320
+ 4yt 25 4 6y125 + 2y°2° + 8520 4 44520
48527 + 4720 4 2727 4 Byt 4 4828
4 3y928 4 2y1028 4 y1229,

) ) (91)
with permutation symmetry Q(1,0,0) = Q(0,0,1), and
Q(1,1,0) = Q(0,1,1) respectively. A similar calculation
for block size b = 3 yields the following expansion for
modified weight:

Wi(z,y) = 62°y% + 122%92 + 322%°
+ 42592 +402°y3 + 3325y + 16255
+ 42593 4+ 22209 + 2825¢° + 242545 + 425¢7
+ 14275 + 827y + 142798
4288 4 42800 + 428910 4 5912,
(92)
where z = e and y = e respectively. Setting y =1, i.e
e = 0, the coefficients in the above expansion, Eq. (92)
reduces to that in Eq. (18), and that given in [48]. Thus,
one can reproduce the same RG flow equations directly
from a hard-core lattice gas analogy relevant to our model
and Monte Carlo simulation. The critical threshold for
site occupation probability is calculated using the recur-
sion relation outlined in Eq. (79). This calculation is
performed for various bond energy costs, denoted as ¢,
and for block sizes of b = 2 and b = 3. The correspond-
ing weights used in this analysis are given in Eq. (90) and
Eq. (92). The results are illustrated in Fig. 16.
One significant advantage of this technique arises when
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FIG. 16. Variation of the critical site percolation threshold,
calculated from renormalization group analysis in real space
using Kadanoff blocks with a lattice gas analogy, as described
in Eq. (79), considering an energy cost per link ¢ for different
block sizes, b as b =2, b= 3 and b = 4 as derived in Eq. (90),
Eq. (92) and Eq. S25 given in the Supplementary Informa-
tion [45]. We can infer from the plot that as € increases, the
critical occupation probability p. tends to unity.

the energy cost € is not constant but renormalizable, sim-
ilar to the probability of site occupation. In this case,
it is possible to express the weights W1, as derived in
Eq. (77) and the modified weight W7;. By solving the
coupled polynomial equations in Eq. (79) and Eq. (80),
we can determine the fixed point for p, and € flows.

Using this modified boundary weights derived in
Eq. (89), we can determine the modified weight W3 for
block size b = 2 similar to that in Eq. (92) following
Eq. (75) as:

W2 (z,y) = 9224 + 6% + 12325 + 2% + 16y%2° + 2% 26

+ 4y 25 4+ 129°20 4+ 8025 4 2726
+ 4y 2T + 4yB2T + 1028,

(93)
where z = e, and y = e™° as defined previously. Simi-
larly, the modified block weight W3, for block size b = 3
can be computed as:

I/T/131 = Z

az,as,as€(0,1]
bo,bg,bﬁe[o,l]

€

(94)
By explicitly computing the summation using the modi-
fied boundary weights derived in Eq. (91), one can arrive

Q(az, as,as) Q(bo, bz, bg) e’ (@2botasbatasbe)



at,

W131(Z7y) 2218 27+4217 25+102’17 24+4zl7 23
+14216 23+38216 22—|—652’16 21+33216 20
_|_3216 19+2215 22+32215 21+130215 20
+2322"%y"9 4 26820y + 1322177

+ 821970 + 832191 4 29621y 1® + 693211y

+ 852214916 4 71621y 4 282214y 14

T 24213 18 + 1782’13 17 T 628213 16

+ 208823y 4 192821312 4 105421312
+202"%y10 4 3212y 4 4621210 4 34221291
+ 113522y 4 2638212y 4 3745212y12

+ 20332210 4 55621%y° + 852'2y8 + 62'2y7

+8Z11 15+96211 14+516le 13+1794211 12

+ 37962yt 4 51862 y10 4 456221 y°

+ 48221 y" 4+ 3021 y5 4+ 2021013 + 140210412
+ 7122101 4 2281219910 4 43022190

+ 30612097 + 7812195 4 302195 4 229912
+ 2429 +1822%910 4792297 + 22482

+ 3194297 + 23182%° + 4022%° + 62%y

+ 42819 + 292810 4+ 16228y° + 66828y”

+ 13702895 + 7632815 + 5625y* + 62748
+1827y" 4 10627y5 + 31827y + 8027y*

+ 2897 + 92545 4 262%¢* + 26623y

+ 16215 16 + 282’14 13 + 14802’13 15

+ 3635212y 4 205821148 + 497021048,

(95)
Solving the coupled equations in Eq. (79) and Eq. (80)
using the modified block weights derived in Eq. (92),
Eq. (95) and in Supplementary Information [45], we ob-
tain the fixed points (p*,e*) for block sizes b = 3,4 as
listed below, with the RG flows around the fixed points
shown in Fig. 15. For a block size b = 3, there are
three fixed points: (a) p = 0, ¢ = 0: This is a sta-
ble fixed point, remaining stable in both directions. (b)
p ~ 0.179202, ¢ = 0: This is a critical fixed point,
stable in one direction and unstable in the other. The
scaling dimension associated with the relevant direction
is y; ~ 1.2662, which implies a thermal exponent of
v ~ 0.78975. (c) p ~ 0.062002, ¢ ~ —1.199417: This
is an unstable fixed point, unstable in both directions.
The scaling dimension associated with the maximum rel-
evant direction is y; =~ 1.407, leading to a thermal ex-
ponent of v ~ 0.710751. Additionally, the crossover ex-
ponent corresponding to the second relevant direction is
¢ =~ 0.295249. For a block size of b = 4, the unstable fixed
point is at p &= 0.0620712 with € ~ —1.177. The thermal
exponent associated with the maximum relevant direc-
tion is v ~ 0.69934, and the crossover exponent due to
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the second relevant direction is ¢ = 0.290565. The criti-
cal fixed point for this block size is at p ~ 0.17328 with
€ = 0, and the thermal exponent associated with the rel-
evant direction is v /=~ 0.760657. We do not want to com-
ment on the universality class, since to do so would re-
quire performing similar calculations for very large block
sizes. The full expressions for the modified boundary
weights and modified block weights for block size b = 4
are given in the Supplementary Information [45]. The
critical fixed point is the classical percolation phase tran-
sition point (p., e = 0), indicating a phase transition from
non-percolating to percolating phase as shown in Fig. 16
with tunable bond energy cost. At the unstable fixed
point with two relevant directions, the crossover expo-
nent ¢ ~ 0.3 indicates that the second relevant direction
affects the system much more slowly than the primary
one. As a result, the system behaves according to the
first scaling regime over a wide range before eventually
transitioning to a different behavior. The second relevant
direction becomes useful at large length scales and guides
the flow towards € = 0 and € = —o0, respectively.

VIII. CONCLUSIONS AND DISCUSSION

In this work, we generalized site percolation on the
two-dimensional square lattice by assigning an energy
cost € to each occupied nearest-neighbor bond. This
model interpolates between a dense-cluster phase (¢ —
—o0) and a dilute phase (¢ — c0) dominated by min-
imally connected clusters. Numerically, energy weight-
ing preserved the universal scaling form of the cluster-
size distribution n4(p,e) but lowered its cutoff s*(p,e)
as € increased, suppressing large, highly connected clus-
ters. The correlation length £(g) similarly decreased
with & and became finite at the classical percolation
threshold, showing that energetic constraints could de-
stroy geometric criticality even at fixed p = p.(e = 0).
Monte Carlo simulations with varying p and bond en-
ergy ¢ revealed antiferromagnetic site ordering at large
€ as p increases. Using Kadanoff block scaling, we con-
structed a real-space RG that tracks the renormalization
of effective occupation and bond-energy parameters un-
der coarse-graining. For both spanning rules (Ry, Ra),
the RG recursions showed that increasing € continuously
drove the correlation-length exponent from the classical
v = 4/3 to the isolated-cluster limit » = 1, in quantita-
tive agreement with Coulomb-gas predictions that iden-
tified the bond energy cost € as tuning the effective loop
fugacity. A complementary lattice-gas RG with site and
bond fugacities gave exact recursion relations for block-
renormalized parameters and reproduced the full flow,
including the shift of p.(¢) toward unity as e grows. This
framework can therefore provide a unified description of
the crossover behavior between percolation, self-avoiding
walks, and broader random-cluster universality classes.

Energy-Weighted Site Percolation could capture the
behavior relevant to polymer networks [22; 65], random



media with activation energies [66], force-balanced soft
materials [66-69], and networks with resource-dependent
connectivity costs [70-72]. This framework can also be
extended to analyze lattice walks, where the asymptotic
behavior of the generating function in Eq. (41) becomes
directly connected to the emergence of the critical perco-
lation threshold and the growth of connected trajectories
across the lattice. Generalizing the framework to non-
equilibrium directed percolation (DP) [73] further allows
the incorporation of non-Hermitian transition rates and
irreversible stochastic dynamics that violate detailed bal-
ance. Applying large anisotropic bond energy penalties
(€2 > €, or £, > €,) biases cluster formation prefer-
entially along selected directions, producing anisotropic
connected structures that map onto directed rigidity per-
colation [74]. This is particularly relevant in gels, fiber
networks, and polymers [22, 65, 66], where microscopic
deformation energies associated with bending, stretch-
ing, and cross-linking [1, 4, 20-22] constrain connectivity
and alter gelation thresholds [67, 68, 75, 76]. It can also
connect to modern elasticity-based descriptions of poly-
mer networks [77-80] by integrating additional structural
features—such as loop formation and spatial correlations.
In the context of transport in disordered media, € acts
as a thermal activation factor representing microscopic
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energy barriers for hopping or tunneling [5-7], exponen-
tially suppressing energetically costly connections and
producing heterogeneous transport pathways. In neu-
ral networks, the same framework captures how resource
constraints shift robustness thresholds and modify cluster
statistics [70-72]. In disordered solids and jamming tran-
sitions [4, 81], penalizing internal connectivity can sup-
press highly coordinated bond configurations, providing
a connection between rigidity percolation and mechani-
cally marginal elastic states. Finally, extensions to higher
dimensions and higher-order neighbor interactions could
provide a statistical framework for slow relaxation dy-
namics in supercooled liquids [82] and lattice glass mod-
els [82-84] near the solid-to-liquid transition.
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Appendix A: COMBINATORIAL DERIVATION
OF THE COEFFICIENTS M; FOR RULE Ry, b=3

We consider a 3 x 3 block of sites, which contains a total
of N = 9 sites. Each site has an occupation probability
of p, while the probability of being unoccupied is ¢ =
1 — p. A configuration is said to span horizontally if
there exists a connected path of occupied sites, using
nearest-neighbor adjacency, that connects the left edge
(at = 1) to the right edge (at = 3). Similarly, a
configuration spans vertically if a path connects the top
edge (at y = 1) to the bottom edge (at y = 3). The
renormalized occupation probability according to Rule
Ry is then

9
P o= MipFdF, (A1)
k=0
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where M) counts the number of distinct k—site config-
urations that span either horizontally or vertically. We
index the 3 x 3 sites in row-major order:

012
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A subset A C {0,...,8} is considered a horizontal min-
imal spanning set if it contains a connected path that
connects the left edge to the right edge, and no proper
subset of A possesses this property. The minimal span-
ning sets that span the block from left to right for b = 3
can be listed as follows:

Al = {Oa 172}a A2 = {3a475}a A3 = {67 778}7
A4 = {Oa 1747 5}7 A5 = {172a374}7 AG = {3347778}7
A7 = {47516a 7}; AS = {07 1a47778}, A9 = {1a2747677}~

(A2)

Thus, there are 9 minimal sets in total: three of size 3,
four of size 4, and two of size 5.

Inclusion—Exclusion Expansion

According to the principle of inclusion-exclusion, for a

finite collection of finite sets Xy, -+, X,
n n
UXi :Z(_l)k+1 Z | Xi, NN X |
=1 =1 1< << <n
(A3)
which can be written compactly as:
Uxii= > (it ﬂXi’. (A4)
i=1 0£IC{1,...n} icl

Let A= {Ai1,...,Aq} be the set of all minimal sets. For
any subset I C {1,...,9}, let Uy = (J,o; As represent its
union. By inclusion-exclusion, the number of configura-
tions with exactly k occupied sites that span from left to
right is:

Hy = ) <—1)’“<Z:|gj||>, (A5)

@AICA

with the convention that (:f) =0ifr<0Oorr>n.

Let A represent the set of all minimal spanning subsets
of sites in a bx b block that extend from the left side to the
right side of the block. From the principle of inclusion-
exclusion, the number of configurations in which exactly
k sites are occupied, and span from left to right, is given
by:

Hy =

Ur=J 4

Ael

(A6)
where we adopt the convention that (?) =0ifr <Oor
r>n.

o ()

PAICA
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Proof. A configuration with exactly k£ occupied sites cor-
responds to a subset S C [b%] where |S| = k. This config-
uration is said to span left to right if it includes at least
one of the minimal spanning subsets A € A. Therefore,
the collection of configurations of size k that span left to
right can be expressed as:

He=|J X4, where Xy ={SC[p?]:[5|=k SDA}.
AcA
(A7)
Therefore,
Hy = [He| = | | Xal. (A8)
AcA
Applying the inclusion—exclusion principle gives:
Hy= Y (=)' x4l (A9)
P#ICA Ael

For any nonempty subset I C A, the intersection
(Nacs Xa consists of all k-site configurations that contain

every A €1, i.e.
N Xa={Scp?:[S|=k S2Us}, U=]A

Aer Acl

(A10)
Given Uy, the number of k-site super sets S D Uy is the
number of ways to choose the remaining k — |U;| sites
from the b? — |U;| sites that are not in Uy:

b2 — |Uy|
Xl =
[ % (k—m)’

where () = 0 if r < 0 or r > n. Substituting this
expression into the inclusion—exclusion formula yields

(A11)

Hy= 3, (=)™ b= 1] (A12)
k—1|Uil )’
GAICA
which proves the stated result. O

We group all such non-empty subsets I by their union
size u = |U;| and define
Z (_1)|I|+1'

GAICA
[Ur|=u

S, = (A13)

Then the inclusion—exclusion formula for b = 3 becomes
the compact expression

2 9—u
Hy, = Su .
DR
Enumerating all such subsets of A and summing signs
grouped by u = |Uy| gives the following signed multiplic-
ities:
S1 =0, Se =0,
Ss = —6, Sg=—9,

(A14)

Ss=3, Si=4,
Sy =14, Sg=—6, So=1.

(A15)
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FIG. 17. (a) The variation of the critical site percolation threshold was computed from RG analysis in real space using Kadanoff
blocks. This analysis utilized the Rz rule, incorporating an anisotropic energy cost per link in the x direction, denoted as e,
and an energy cost per link in the y direction, denoted as €, for a block size of b = 3, (b) variation of the correlation length
exponent v, also computed from RG analysis in real space using Kadanoff blocks, following the same Ry rule and considering
the anisotropic energy costs ¢, and ¢, for the block size b = 3.

b=3 b=3

3.0 3.0

2.51 00 2.51

2.0 2.0
0.8

uf,‘ 1.54 u}‘ 1.5
(a)

1.0 1.0
0.6

0.5 0.5
0.5

0 0.0 T
0.

0.0 05 10 15 2.0 25 3.0 0O 05 10 15 2.0 25 3.0
&y &y

FIG. 18. (a) The variation of the critical site percolation threshold was computed from RG analysis in real space using Kadanoff
blocks. This analysis utilized the Rp rule, incorporating an anisotropic energy cost per link in the x direction, denoted as .,
and an energy cost per link in the y direction, denoted as €y, for a block size of b = 3, (b) variation of the correlation length
exponent v, also computed from RG analysis in real space using Kadanoff blocks, following the same Ry rule and considering
the anisotropic energy costs e, and ¢, for the block size b = 3.

Evaluating the values of Hj for all possible values of k
gives, for k = 3:

H3:53(3> =3.1=3. (A16)
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Since vertical symmetry gives V3 = 3 and no 3-site configuration spans both directions,

Ms = Hs 4+ V3 = 6. (A17)

For k = 4:
H453(:?>+S4<(5))3'6+4'122, (A18)
My, =2H, = 44. (A19)

Similarly for k = 5:

- (%) e, (7) s (! o

=3.15+4-5—6-1=59,
(HNV)s5 = 25,
Ms=2H; — (HNV)5 =259 — 25 = 93. (A21)

Among the (g) = 126 configurations with 5 occupied sites, exactly 25 span both horizontally and vertically. Enumer-
ating them in row-major site indices (0-8):

[HNV]5 = {(0, 1,2,3,6), (0,1,2,4,7), (0,1,2,5,8),

(0,1,4,5,7), (0,1,4,5,8), (0,1,4,7,8),
(0,3,4,5,6), (0,3,4,5,7), (0,3,4,5,8),
(0,3,4,7,8), (0,4,5,6,7), (0,4,5,7,8),
(1,2,3,4,6), (1,2,3,4,7), (1,2,3,4,8), (A22)
(1,2,4,5,7), (1,2,4,6,7), (1,4,5,6,7),
(1,4,5,7,8), (2,3,4,5,6), (2,3,4,6,7),
(2,3,4,6,8), (2,4,5,6,7), (3,4,5,6,7),
(3,4,5,7, 8)}.
From the same procedure, one obtains
H, =10, 0,0, 3,22, 59, 67, 36, 9, 1], (A23)
(HNV),=10,0,0,0,0, 25, 52, 36, 9, 1], (A24)
M, =10,0,0, 6, 44, 93, 82, 36, 9, 1]. (A25)

The polynomial for rule Ry, b = 3 is therefore:

9
p/ — Z Mkpkqg—]f
k=0
= p” + 9p®q + 36p" ¢ + 82p°¢° + 93p°¢"
+ 44p*¢® + 6p34°. (A26)

where ¢ = 1 — p. The polynomial expansion for other b cases and other rules like Ry and R» as described in [48] can
be similarly derived using the Inclusion-Exclusion principle. Nevertheless, they can be easily computed by writing a
computer program, up to b = 5. For b > 6, Monte Carlo techniques need to be implemented.
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